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Small Magnetofluid-Dynamic Peristaltic Motions Inside an

Annular Circular Cylindrical Induction Compressor

JosErPH L. NEURINGER® AND JAMES H. TURNERT
Avco Corporation, Wilmington, Mass.

The small magnetofluid-dynamic peristaltic motions inside an annular cireular cylindrical
induction compressor are studied. The compressor consists of a circular eylindrical traveling
wave tube of radius r; on which is impressed a purely sinusoidal current sheet of the form nf
expi(kz — wt)l, where nl is the number of ampere turns per unit length, k the wave number,
and w the circular frequency. Inside the tube, an annulus r, > r > r; is filled with a highly
conducting fluid that is constrained at the ends not to move in the axial direction. The fluid
to be pumped moves in an annulus r; 2> r > r; and is separated from the conducting fluid by
an impermeable flexible diaphragm. The electromagnetically induced motions of these two
inviseid and incompressible fluids, when the electromechanical coupling is weak, i.e., in the
limit of small magnetic Reynolds number (based on wave speed and wavelength), are examined
analytically. From the nature of the axial component of the body force induced in the con-
strained conducting fluid, it is shown that a time-averaged constant axial pressure gradient is
induced which is transmitted to the pumped fluid by virtue of the mechanical coupling be-
tween them. If now, the induced, purely oscillatory, radial force component is sufficient to
pinch and trap the pumped fluid, the ensuing motion of the latter would consist of trapped
packets of fluid traveling in the wave direction with the wave speed of the diaphragm (equal

to the speed of the traveling current sheet) against the pressure gradient induced in it.

I. Introduction

ECENTLY, a great deal of interest has been shown in
the application of the principles of magnetofluid-dynam-

ics to the compression and acceleration of poorly conducting
liquids (e.g., sea water), with an eye toward its possible ap-
plication to the propulsion of undersea craft. 2 To date,
most of all of the schemes proposed involve the direct inter-
action of the magnetic and electric fields with the poor con-
ductor. Since the electrical conductivity of sea water is
approximately six orders of magnitude less than ordinary
liquid metal conductors, such schemes are doomed to failure
because the magnitudes of the induced currents are so small
that tremendous field strengths are required to produce
significant forces. However, this low conductivity limita-
tion could be circumvented, for example, if a pumping scheme
could be devised wherein the electromagnetic field, instead
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of acting directly on the poor conductor, is made to act di-
rectly on an intermediate working fluid of large conductivity.
If now, the working fluid and the fluid pumped are me-
chanically coupled, the large forces induced in the working
fluid could conceivably be transmitted to the pumped fluid.

A possible scheme that utilizes the foregoing concept is
shown schematically in Fig. 1. An annulus 7o > r > 1y, in-
side a circular cylindrical tube of radius 7y, is filled with a
highly conducting fluid that is constrained at the ends not
to move in the axial direction. The pumped fluid, moving
in the annulus ry < r < 1y, is separated from the conducting
fluid by a flexible impermeable diaphragm. Impressed on a
transmission line, in the form of a coil wound around the
cylinder, is a purely sinusoidal traveling current sheet of the
form nl expi(kz — wt)®, where nl is the amplitude of the
number of ampere turns per unit length, k& the wave number,
w the circular frequency, and w/k = V, the wave speed. If
the relative speed between the fluid conductor and wave is
different from zero, then from the circular symmetry, closed
azimuthal currents will be induced in the conductor. These
currents, when crossed with the radial and axial components
of the traveling B field associated with the traveling current
sheet, produce axial and radial body forces, respectively.
Since the conducting fluid is constrained at the ends not to
move in the axial direction, the axial velocity of the fluid
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conductor averaged across its annulus per cycle is zero, so
that an axial pressure gradient is induced in the conductor
given by

cVB,2 = dp/dz 1)

where B, is the radial component of the traveling B field and
p is the fluid pressure. This pressure gradient, which is never
negative because of the quadratic dependence on the radial
magnetic field component, is transmitted to the pumped
fluid via the mechanical coupling between the fluids. If
now the radial forces (which will be shown to be purely os-
cillatory) in the conductor are sufficient to pinch and trap
the pumped fluid, the ensuing motion of the pumped fluid
would consist of trapped packets of fluid traveling with the
wave speed of the diaphragm (equal to the speed of the travel-
ing current sheet) against the pressure gradient induced in it
by virtue of the axial body forces induced in the conducting
liquid. In effect, this peristaltic action could be compared to
a series of compressors, each giving a finite pressure rise to
the pumped fluid, each wavelength corresponding to a single
compressor stage.

The twofold purpose of this paper is as follows: 1) to
investigate analytically the nature of the electromechanically
induced motions inside the compressor, both of the fluid
conductor and the pumped fluid, when the electromechanical
coupling is weak, i.e., in the limit of small magnetic Reynolds
number (based on wave speed and wavelength), and 2) to
examine, in this limiting case of small motions, under what
conditions and to what extent the forementioned conjectured
behavior of the compressor is predicted analytically.

II. Vector Potential and Induced Forces

In order to carry out the magnetofluid-mechanical calcu-
lation, we must first find the appropriate expressions for the
induced forces in the fluid conductor. Let us assume that
the pumped fluid has zero conductivity and free space
permeability us, so that, as far as the electromagnetics is
concerned, the region between 7, > r > 0, where r, is the
equilibrium position of the diaphragm, is considered a homo-
geneous vacuum. We denote this region as region 1. 'The
annular region filled with conducting fluid ro > r > r, is denoted
as region 2, and the region outside the tube © > 7 > rg as
region 3. Starting with Maxwell’s equations, neglecting the
displacement current, introducing the vector potential, and
following the deirvation of Ref. 3, the following partial differ-
ential equations and boundary conditions are obtained for
the corresponding azimuthal component of the vector po-
tentiald: '

ou, | 104, A 04,

or? ror 1t dz2
04, . 104, A, | 024, 04,

or? r or r2 oz 2 ot

=0 rn>r>0 (2)

re2r=>n (3
0%4s | 104; Az | 0%4;

ot Toor T e 0w ET2n @

atr = g,
042/dz = DA,/dz (5)
10 () — 12 G4 = L expihz — wt) (®)

atr = 7y,
DA,/02 = DA,/0z )
1S ra) 12 () =0 ®)

with the requirements that

A be finite at » = 0 )
Ay —=>0asr - (10)
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Fig. 1 Schematic diagram of peristaltic annular circular
cylindrical induction compressor.

In Eq. (3), o2 represents the conductivity of the fluid con-
ductor, and unlike the corresponding equation of Ref. 3,
we have set the zero-order velocity of the constrained con-
ducting fluid equal to zero.

The solution of the three region system (2-10) is given in
Ref. 3. In particular, we obtain the following solution for
the azimuthal component of the vector potential in region 2:

A2(Ty 2y t) =

R [: ol MoK (r)) 1 (ar) + MKy (fro) Ki(ar)
| Mo MMy + MM

expli(kz — wt])] (11)

where
My = Ki(arplo(kry) — odi(kr) Ko(ar)
My = aly(are Ki(kre) — kI(are) Ko(kro) (12)
My = al(kr)lo(ary) — Th(or)Io(kn)
My = aKy(argKi(kry) — kK (are) Ko(kro)

In (11) and (12), I, and I, represent the modified Bessel
functions of the first kind of order zero and one, respectively,
whereas K, and K; represent the corresponding Bessel fune-
tions of the second kind. The symbol « is defined by

a? = k(1 — if) (13)

where 8 = puposw/k? and represents the fluid magnetic
Reynolds number based on wave speed and wavelength.
Expanding (11) about small 8, and using the identity

Io(kro) Ky (ko) —~ Ii(kro) Ko(kre) = — (1/kry)
we obtain, to the zeroth order in 8,
Ay(r,2t) = — ponIroK (kro) L (kr) cos(hz — wf)  (14)

From the definitions of the azimuthal component of the
current density and radial and axial components of the
magnetic field in terms of the vector potential,® we have

jg = —02(OA2/bt) = )
cawugndro K (kro) I (kr) sin(kz — wt)

B, = —(04,/02) = ' L 15)
- kﬂg?’LIToKl (kTQ)I; (]CT) S (]CZ - wt)

B. = (1/m)(0/ar)(rds) =
—kuondr K (kro) Io(kr) cos(kz — wi)

Thus, the radial and axial components of the induced body
foree acting on the fluid conductor, to order 8, are given by

F.=(G XB), =B, =
%ﬂ,uon212k37'02K12(k7'o)11(kT)Io(kT) sm2(kz - wt) (16)
F.=({ XB).= —jB, =
1Buon? k3t K 2(kro) [ ¥(kr) [1 — cos2(kz — wt)] (17)
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It is to be noted from (16) and (17) that the radial force
component is purely sinusoidal, propagating at twice the
frequency of the traveling current sheet, whereas the axial
component (which is never negative) consists of the sum of a
nonpropagating part plus a propagating component, at
twice the input frequency, which is 90° out of phase with the
radial vibration.

1. Fluid Flow Equations and Boundary
Conditions

We treat the fluid flow problem under the following five
assumptions: 1) the motion is axisymmetric, 2) both
fluids are inviscid, 3) no azimuthal component of velocity
(this is reasonable since the assumption that j is purely
azimuthal implies that no azimuthal forces are induced in the
conducting fluid; thus if the conducting fluid has zero azi-
muthal velocity initially, it will have zero azimuthal velocity
for all time thereafter), 4) both fluids are incompressible
and, in order to avoid gravitational effects, are assumed to
be of the same density p, and 5) the electromagnetic force
in the poorly conducting pumped fluid is taken to be zero.
Let the subseripts ¢ and w refer to the fluid mechanical
variables of the fluid conductor and the pumped fluid, respec-
tively.

Letting q, = Bws + uZ) and P, = Py, + Bp., where
Bv. and Bu, are the perturbed radial and axial velocity com-
ponents, respectively, Py the undisturbed pressure, and
Bp. the perturbation pressure, the continuity and momentum
equations, to order B, in the fluid conductor ro > r > 1,
are

0 0

5 (rve) + 5 (rug) = 0 (18)
o, op. | 1
Ou. _ Op. , 1

P = "%, T BF-, (20)

where F, and F, are given by (16) and (17), respectively.
Again, letting q, = UZ + B@.f + u.Z) and P, = Py, +
Bpw, where U, is the unperturbed uniform axial velocity of

the pumped fluid through its annulus r, < r < 4, the con-

tinuity and momentum equations, to order 8, in the pumped
fluid are

o) o
5 (rvw) + 5 (ruw) = 0 (21)
e Wy Op.
P<E+UO$>—— or (22)
Oy Quw) _ _b&ﬂ
p (bit + Us E) = 2 (23)

The boundary conditions that the system (18-23) must
satisfy are as follows. At the rigid walls r = rgand r = ry,
we require

ve(ro, 2,8) = 0 24)
vw(rb 27 t) = O . (25)

The following considerations lead to the boundary conditions
that must be satisfied at the equilibrium position of the
diaphragm r = r,. The diaphragm, representing a material
surface, requires that the component of fluid velocity normal
to the instantaneous position of the diaphragm surface in
each of the fluid regions be equal to the velocity of the
diaphragm in its normal direction. Since a small perturba-
tion solution is being generated, we assume that the ampli-
tude of the diaphragm is very small compared to its wave-
length and that its instantaneous slope is of order 8. In
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this case, the fluid velocities normal to the diaphragm sur-
face is given by v, and v,. Thus, we have the boundary
condition ,

V(11 2, 1) = v,(ry, 2, 1) (26)

The second boundary condition requires that the total
pressure (magnetic plus fluid mechanical) be continuous across
the unstressed diaphragm. Since the magnetic field com-~
ponents are continuous across the diaphragm (no current
sheet), the magnetic pressures are automatically equal.
Hence, we require

Py = Py pc(ﬁ, 2, t) = Pw(’”l; Z, t) (27)

One final boundary condition must be considered, i.e., that
imposed by the ends of the device. We assume that at the
ends of the device the conducting fluid is bounded by walls
such that u, = 0 at the ends. Away from the ends there is
therefore allowed no time-average mass flow of conducting
fluid across any position z. Mathematically,

{puey, 2ardr = 0 (28)

We now seek a solution of the system (18-23) subject to
the boundary conditions (24-28).

IV. Solution

A. Fluid Conductor Region

Consider the fluid conductor region first. Multiplying
(19) and (20) by r, differentiating (19) with respect to » and
(20) with respect to z, adding, and dividing by r, we obtain,
using continuity (18),

10/ op\ o, 110 oF,
0= ror <T br> dz? t B{;O_T(TFT) + bz}

Using the definitions of F, and F, given by (16) and (17)
and carrying out the differentiations indicated by the right-
hand side, we obtain

la_ ap‘ a2p°._1 27 20 dp 2K 2
“5 <7‘ br) + 5 = 2uon1kroK1 (kro) X

[L:2(kr) — I?(kr)] sin2(kz — wf) (29)
It is readily verified by direct substitution that
B. = Lun? %22 K, 2 (kro)[o2(kr) sin2(kz — wi)

is the particular integral of Eq. (29). We take as our general
solution

pe = Tuon %2 2K 2 (kro)lo*(kr) sin2(kz — wt) +
[CiIo(2kr) + C2Ko(2kr)] sin2(kz — wt) +
(Cs + Cylnr)z + A®) (30)

where it is again easily verified that each of the terms in the
second row satisfies the homogeneous equation and where
the unknown function fi(f) and constants Ci, Cs, C3, and C;
remain to be determined.

Substituting (16) and (30) into (19) yields

p(Ov./0t) = — uen?I2%k3rg? K 2(kro) L, (kr) o(kr) sin2((kz — wt) —
2k [CiI;(2kr) + CoK (2kr)] sin2(kz — wt) — Cu/r
Integrating yields
ov. = — (1/20) ugn®12k3rg2 K 2(kro) [, (kr)Io(kr) cos2(kz — wt)—
k/o[CiI(2kr) + CoK,(2kr)] cos2(kz — wt) — Cyzt/r

The boundary condition (24) requires v.(ro, 2, t) = 0 for all
z and ¢, hence C; = 0 and

Cll 1 (2kTo) + 02K 1 (2]{57'0) =
— 3 uon k2o Ky 2(kro) 1 (kro) Lo (kro) - (31)
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Substituting (17) and (30) into (20) yields
pQu./dt) = Lum %3 K2 (kro) [12(kr) ~
2 uen? 1 23ro2 K2 (kro) [12(kr) + Io2(kr)] cos2(kz —
wt) — [CiIo(2kr) + CoKo(2kr) 12k cos2(ke — wt) — C;
Integrating yields
pue = Sun? 232K 2(kr)) 12 (kr)t + (1/4w) penl?kére® X
K2(kro) [I,2(kr) + I2(kr)] sin2(kz — wt) +
k/w[CiIo(2kr) + CoKo(2kr)} sin2(kz — wt) — Cit  (32)

We have then, at this point, «. given by (32), ». and p.
given by

ove = — (1/2w) pon?l 232K 2(kro) 1 (kr)Lo(kr) cos2(kz —

ob) — k/o[CiIi(2kr) + CoK1(2kr)] cos2(kz — wt) (33)
pe = Lun k2K 2 (kro)lo*(kr) sin2(kz — wt) +

[Cilo(2kr) + CoKo(2kr)] sin2(kz — wt) +
Csyz + fi(H) (39)

and the relation (31) coming from the boundary conditioﬁ
(24).
B. Pumped Fluid Regior

Multiplying (22) and (23) by r, differentiating (22) with
respect to r and (23) with respect to 2, adding, and dividing
by r, gives, using continuity (21),

:— g (r %”) + a;f;’ -0 (35)
We take as general solution of (35)
P = [Cslo(2kr) + CeKo(2kr)] sin2(kz — o) +
(C7 + Celnn)z 4+ £o(0)  (36)
Substituting (36) into (22) gives

o ) _
p<0—t+bobz>_

— Q%[O (2kr) + CoKi(2kr)] sin2(kz — wt) — cgf

Integrating yields
—k
o = P [C5I(2kr) + CsKi(2kr)] X
cos2(kz — wt) — %250

The boundary condition (25), requiring v.(rs, 2, £} = 0 for
all zand ¢, gives Cs = 0 and

Csl1(2kry) + CeK((2kry) = 0 37)
Substituting (36) into (23) gives

QU Quw) _
P < + Uy~ o2 )
—2k [C5Io(2k7‘) + CGK()(Q]{PT)] st(kz - wt) - 07

Integrating yields

k
Pl = (o = Udk) [CsIlo(2kr) + CoKo(2kr)] X

sin2(kz — wt) — Ci#  (38)
We have then, at this point, u,, given by (38), v, and p,, given
by
—k

(_—UE [Cs (2kr) + CoK1(2kr)]1 X

PUy =

cos2(kz — wt) (39)
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= [CsIo(2kr) + CsKo(2kr)] sin2(kz — wf) +
Crz + fz(t) (40)
and the relation (37) coming from the boundary condition
(25).

C. Solution (continued)

The boundary condition (26), using (33) and (39), gives

Cd 1(2k7'1) + CzKl(Zkrl) - Cs I 1(2k7’1)

(@ Uok)

Or (= K@) = = § war T )
(41)

The boundary condition (27), using (34) and (40), gives
C: = Cq fl(t) = f2(t) (42)

Culo2kry) + C2Ko(2kr) — Cilo(2kr) — CeKo(2kry) =
— L T2k K 2 (kro)[o2 (k) (43)

Equations (31, 37, 41, and 43) form a system of four
inhomogeneous linear algebraic equations for the four un-
known constants C;, Cp, Cs and Cs Inspection of the
inhomogeneous terms shows that each of these constants is
proportional to 2 un%2r2K,2(kro). Thus, let

Ci = 2uenI%2re2K 2(kro) Cire
Cy = Fun k2> K1 (kre) Cxc
Cs = Fuan® %22 Ki(kro) Cry
Cs = 2un2%k2r? K 2(kro)Cxw
Hence, from (32-34 and 38—40) we obtain
pue = 5 unl 22K 2 (kro) I2(kr)t — Cit +-
(1/2w) pon? T tre? K2 (ko) {5 (1:2(kr) + Io?(er)] -+
Crclo(2kr) + CrcKo(2kr)} - sin2(kz — wb) (44)
e = — (1/20) pon?kro?Ky?(kro) {I,(kr)Io(kr) +
Cicl1(2kr) + CxcKi(2kr)} -« cos2(kz — wb) (45)
pe = 3uan o2 Ky (kro) {3162 (kr) + Crolo(2hr) +
CreKo(2kr)} sin2(kz — wb) + Caz + fi(f) (46)

PUn = pon?l %k3ro2K 2 (kre) X

__ 1
3w = Tgh)
{Crwlo(2k7) + CxwKo(2kr)} sin2(ke — wt) — Cit  (47)
oy = — 2—(w—_1——@—) IR (ko) X
{Crwli(2kr) + CxwKi(2kr)} cos2(kz — wf) (48)
Do = suenl 222K 2(kro) { Cowlo(2kr) +
CxwKo(2kr)} sin2(kz — wt) + Csz + fi(f) (49)

where we have still to evaluate C; and f1(¢).

The constant Cs is determined from the boundary condi-
tion (28). Substituting (44) into (28), and remembering
that the average of the periodic term over a cycle is zero,
we obtain

, f " (e kK (o) [ ) — Cs}2rdr

Thus,
Ch(rg? — 1) = Lugnlk3re? Ky (ko) f " o2 (kr)dr
L 22K (o) (312G — To(br) To(kr) 1},

ft
o

or
,LL07L2[2]C STQZKl 2 (ICTQ)

G = o — )

{?'02 [1,2(kro) — To(kro)Is(kro)] —

7‘12[[12(]07”1) - Io(kﬁ)lz(kﬁ)]} (50)
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The unknown function fi(¢) is afforded the same interpreta-
tlon as is given to the integration function in the usual
derivation of the nonsteady Bernoulli equation, that is, fi(t)
is determined from the time dependence of the perturbed
input pressure of the incoming fluid being pumped.

Finally, the motion of the diaphragm is obtained as follows.
Let Brq be the radial displacement of the diaphragm to order
B, then

Arg/dt = v.(ry, 2, 8
Integrating (45) with respect to ¢, we obtain
ra(z, ©) = (1/4w?) uen *3r? K2 (kry) - Ul(kﬁ)lo(lﬂ'l) +
Creli2kr) + CreKi(2kry)} sin2(kz — wf) (51)

V. Discussion

The resulting fluid mechanical motions inside the annular
traveling wave peristaltic compressor, in the weak coupling
limit, are given by Egs. (44-49) with the motion of the
tensionless diaphragm separating the two fluids given by
Eq. (581). Apart from the particular radial dependence
generated by the solution, the following behavior for the
different fluid mechanical variables in each of the fluid
regions is observed:

1) The axial velocity component in each region consists
of the sum of a linear time-dependent term superimposed
on a purely sinusoidal traveling component of the same wave
speed but of twice the frequency of the input current sheet.
The generation of the linear time-dependent term is due na-
turally to the existence of the nonperiodic part in the ex-
pression for the axial body force. The solution generated,
then, is both a small time and small coupling solution and is
invalid for large times. In any actual case, however, the
magnitude of the axial velocity component cannot increase
indefinitely with time, being limited eventually both by
viscous effects and the fact that when the velocity reaches
the wave speed coupling ceases, the electromagnetic force
goes to zero, and the fluid coasts thereafter.

2) The radial velocity component in each region consists of
a purely sinusoidal traveling component only, which is 90°
out of phase with the corresponding periodic component of
the axial velocity. It should be noted that the singularity
Us = w/kin Eqgs. (47) and (48) is only apparent. Examina-
tion of the linear set of equations from which the constants
Crw and Cxw are derived shows that each constant is pro-
portional to (0w — Udk).

3) As conjectured in the Introduction, the diaphragm mo-
tion is indeed characterized by the axial propagation of a
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purely sinusoidal wave down the diaphragm whose speed is
equal to that of the traveling current sheet but at twice the
frequency, and whose amplitude (and therefore pinching
and trapping ability) is proportional to ue(nl)? i.e., the mag-
netic pressure associated with the current sheet.

4) The pressure in each region consists, apart from the
integration functions fi(f) = fo(¢), of a purely sinusoidal travel-
ing part plus a term linear in z. The existence, in the pumped
fluid, of this latter term is the crux of the entire analysis and
makes its appearance only when the axial motion in the
conducting fluid is constrained. If the motion in the con-
ductor were not constrained, this term would never appear
and the device would behave like an accelerator rather than
a pump. As an accelerator, the axial body force would
simply go into developing a purely sinusoidal pressure
gradient plus increasing the axial velocity of the working
fluid. However, as conjectured in the Introduction, as a
pump, the work that ordinarily would be done by the axial
body force in accelerating the conducting fluid now goes
into the work done in pumping the incoming fluid against
the pressure gradient induced in it by virtue of the me-
chanical coupling between the two fluids. Further, one
would imagine that the constant pressure gradient induced
in the pumped fluid would be proportional to the time-
averaged axial body force evaluated at ri, i.e., at the equilib-
rium position of the diaphragm. Examination of Cs, how-
ever, shows that the pressure gradient is equal to the time-
averaged axial body force averaged over the conductor
annulus. Since the magnitude of the body force decreases
inward from the coils, the analysis predicts a pumping force
larger than suspected.

In conclusion, although one cannot, in general, predict
the behavior of a nonlinear system from the periodic be-
havior of the corresponding linear one, still, it may well
be that the compressor behavior, when the electromechanical
coupling is strong, corresponds to some limit cycle situation
whose gross features (apart from the linear time-dependent
terms) are similar to these just obtained. In any case,
the proof of the pudding lies in experimental verification.
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